We construct the thermodynamic geometry of 2 + 1 dimensional normal (exotic) BTZ black hole regarding to the fluctuation of cosmological constant. We argue that while the thermodynamic geometry of black hole without fluctuation of cosmological constant is a two dimensional flat spaces, the three dimensional thermodynamics parameters space including the cosmological constant as a fluctuating parameter will be curved. Some consequence of the fluctuation of cosmological constant will be investigated. We show that such fluctuation leads to a thermodynamics curvature which is correctly singular at critical surface of the system. Also, we consider the validity of first thermodynamics law regarding to the fluctuation of cosmological constant.
I. INTRODUCTION
Black holes are thermodynamic systems with an entropy related to the area of event horizon by Bekenstein formula, characteristic Hawking radiation related to the surface gravity on the event horizon and internal energy related to the mass [1] [2] [3] . The entropy of black holes is a function of mass (M ), angular momentum (J) for rotating black holes and charge (Q ) for charged one. Thermodynamics of a large number of black holes such as Schwarzschild , Kerr, kerr-Newman and ReissnerNordstromm have been studied and interesting results obtained about the stability and probable phase transitions of the system [4] [5] [6] [7] [8] [9] [10] . One of the most popular approaches for investigation of the thermodynamics of the systems in last decades is the thermodynamic geometry.
One can construct a thermodynamics parameters geometry for any thermodynamics system and define metric elements based on the second derivatives of the entropy with respect to the related extensive thermodynamics fluctuating parameters, which is called the Ruppeiner geometry. Also, the second derivatives of internal energy with respect to the related fluctuating extensive parameters introduce the Weinhold metrics elements [11] [12] [13] [14] . It has been shown that the curvature of the thermodynamics parameters space, called thermodynamic curvature (R) has beneficial information about the systems. The sign of thermodynamic curvature may be used to divide the systems to the intrinsic attractive or repulsive statistical interactions [15] . Also, for an ideal non interacting classical gas the thermodynamics parameters space is flat [16] . A more special result about the thermodynamics curvature is related to its singular behavior at phase transition points of the system [11, 17] .
The thermodynamic curvature of many well-known thermodynamics systems has been considered extensively [11] . Recently, the thermodynamics geometry of some generalized statistics have been investigated and their thermodynamical and statistical properties considered * mohammadzadeh@uma.ac.ir [18] [19] [20] [21] [22] . Moreover, thermodynamic geometry of different black holes as a thermodynamics system have been studied by numerous authors [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Aman et al. investigated the geometry of several black holes thermodynamics in 2003 [23] . They showed that the geometry of thermodynamics parameters space is flat for the BTZ and Reissner-Nordstrom black holes, while curvature is singular for the Reissner-Nordstrom anti-de Sitter and Kerr black holes. Due to the interacting nature of constituents of the black holes, the zero curvature of thermodynamic geometry seems unwarranted. Also, a wellknown thermodynamics system, the ideal classical gas, with flat geometry has not any phase transition.
B. Mirza and M. Zamaninasab used an extended set of thermodynamics parameters and deduced that the thermodynamic geometry of Reissner-Nordstrom could be non flat [37] . In fact, they considered the thermodynamic geometry of a usual charged rotating black hole in anti de sitter space, namely Kerr-Newman-AdS black hole. They evaluated the curvature and then obtained the limit of zero angular momentum and zero cosmological constant, which corresponds to the Reissner-Nordstrom black holes and argued that the curvature is not zero.
There is a 2+1 dimensional solution for Einstein equation in anti de sitter space. When the cosmological constant is zero, a vacuum solution of 2 + 1 dimensional gravity is necessarily flat and it can be shown that no black hole solution with event horizon exist. Negative cosmological constant provides a solution, thereinafter a 2 + 1 dimensional Black holes which introduced by M. Bañados, C. Teitelboim, and J. Zanelli [40] . We will explore the thermodynamic geometry of BTZ black hole. We show that the curvature is zero if the cosmological constant be a necessarily fixed constant. We will select an appropriate set of extended thermodynamics parameters that encompasses the fluctuation of cosmological constant and consider the consequence of such fluctuation. It is well known that in low dimensions the fluctuations can play more important roles. Therefore, fluctuation of cosmological constant in 2 + 1 dimension might be more relevant with respect to higher dimensions. We will argue that the extended thermodynamic geometry presents consistence conceptual and physical results. Specially, we can specify the correct phase transition points which correspond to the singular points of curvature of extended thermodynamics parameters space.
Recently, the thermodynamics of black holes has been developed in extended phase space, where the cosmological constant is considered as thermodynamic pressure and treated as thermodynamic fluctuating parameter in its own right. In this approach, the mass of black holes does not mean the internal energy, rather it is modified to chemical enthalpy. Also, there exist some good reasons why the fluctuation of cosmological constant should be included in thermodynamic consideration which we will review briefly in the following [41] [42] [43] .
The current paper has been organized as follows. In section II we introduce the normal BTZ black holes and work out the thermodynamics curvature. Also, we obtain heat capacities of the system and show that the cosmological constant has to be a fluctuating thermodynamics parameter. Section III will be assigned to the thermodynamic geometry and heat opacities of the exotic BTZ black hole. We consider the validity of first thermodynamics law for normal and exotic black holes regarding the fluctuation of cosmological constant in section IV. Finally, we conclude the paper in section V.
II. FLUCTUATION OF COSMOLOGICAL CONSTANT
The idea of including the cosmological constant to the dynamical variables or a fluctuating thermodynamics parameters was proposed by Teitelboim and Brown [44] and the corresponding thermodynamic term was formally incorporated into the first law of thermodynamics somewhat later [6] , though no interpretation of the conjugate variable was considered. By permitting the cosmological constant to be a variable quantity or fluctuating thermodynamics parameter we recover the familiar pressurevolume term from chemical thermodynamics [41] .
Recently, investigation of the first law of black hole thermodynamics by taking into account the fluctuation of cosmological constant, Λ, has attracted keen interest from researchers [6, [41] [42] [43] 45] . Fluctuation of Λ in the first law of thermodynamics of a black hole corresponds to considering black hole ensembles with different asymptotics. Three good arguments can be found in the literature to including the variation of cosmological constant in thermodynamic considerations. First, the physical constants such as Yukawa coupling, gauge coupling constants, Newton's constant and cosmological constant can be variable in more fundamental theories and arise as vacuum expectation values. Therefore, the variation of such constants should be included to the first law [46, 47] . Second, The first law of black hole thermodynamics is inconsistent with the Smarr-Bekenstein relation in the presence of a cosmological constant and we will illustrate it in the following [48] . It has been shown that for BornInfeld black holes, the maximal field strength b should be included to the fluctuating thermodynamics parameters to obtain a consistent corresponding Smarr relation [49, 50] . In the same manner one can consider the cosmological constant as a fluctuating thermodynamics parameter. Third, including the cosmological constant to fluctuating thermodynamics parameter in the first law, changes the internal energy interpretation of black hole mass, M , to the enthalpy. Since the fluctuating cosmological constant corresponds to pressure, its thermodynamical conjugate has dimension of volume which called thermodynamics volume [48] .
The black hole chemistry has been introduced in extended thermodynamics parameters space regarding to the cosmological constant of AdS spacetime as a fluctuating parameter, similar to pressure in the first law of thermodynamics [42, 43, 47, 48, 51] . From the perspective of cosmology, a negative cosmological constant induces a vacuum pressure. As we mentioned above, the black hole mass plays the role of gravitational version of chemical enthalpy which is the total energy of black hole, including both the internal energy and the energy required to displace its environment. In fact for a spacetime with fluctuating negative cosmological constant, a new term is added to the first law, which can be regarded as a displacement of vacuum energy [42] .
AdS/CFT correspondence, which relates a (quantum) gravitational theory in d-dimensional AdS space to a conformal field theory on its (d − 1)-dimensional boundary motivates one to study the AdS black holes. According to this correspondence, the cosmological constant is fixed. Therefore, the thermodynamic pressure related to the fluctuating Λ and the thermodynamic volume of a black hole have different interpretation on the boundary CFT. Thermodynamic pressure related to the fluctuation of Λ is defined as follows [41] 
where, G d is the d-dimensional gravitational constant and AdS curvature radius l is a measure the number of degrees of freedom, N , of the boundary filed theory. The relation between l and N is specified by the family of CFTs being considered. It has been suggested that the fluctuation of pressure or equivalently Λ is equivalent to fluctuation of the number of degrees of freedom, N , in the boundary CFT. The thermodynamic conjugate of pressure , thermodynamic volume, should be interpreted as an associated chemical potential in the boundary field theory [52] [53] [54] . Another interpretation suggests that N should be fixed, so that we are always referring to the same field theory. Therefore, fluctuation of Λ has the more natural consequence of fluctuation the volume of the field theory. However, to stay at fixed N as the volume is varied, we have to compensate by variation of G d [55] . Reconsideration of black hole regarding to the fluctuation of cosmological constant has led to the realization that thermodynamics of black hole is much richer topic than previously thought. Moreover the introduction of pressure, and with it a concept of thermodynamics volume for a black hole, new phase behaviour, similar to that seen in gels and polymers, was found to be present. Also, triple points were discovered for black holes, analogous to those in water. More recently, black holes have been investigated as heat engines [52, [56] [57] [58] [59] [60] .
III. NEGATIVE COSMOLOGICAL CONSTANT AND BTZ SOLUTION
Albert Einstein introduced an additional term to his theory of general relativity to hold back gravity and achieve a static universe [61] . This term takes into consideration the value of energy density of the vacuum of space. In this way, the cosmological constant; Λ, appears in well known Einstein field equation as follows
where, all terms comply with the known standard definition. In 1992, a black hole solution (BTZ) for 2 + 1-dimensional topological gravity with a negative cosmological constant was discovered. On the other hand, one can find the entropy of black holes using the BekensteinHawking relation and construct the thermodynamics of any black holes. What is the role of cosmological constant in thermodynamics of the black holes? Is it possible that the cosmological constant behaves such as a fluctuating thermodynamics parameter? It seems that we can consider the thermodynamics of black holes regarding to the fluctuation of cosmological constant according to the arguments and motivations of previous section.
A. 2+1 Dimensional BTZ black hole
The metric of BTZ black hole in the absence of charge in 2 + 1 dimension is given by [40] 
where,
where, M and J are mass and angular momentum, respectively and l is related to cosmological constant Λ by
One can obtain the internal and external horizon radius using equation
and due to Bekenstein-Hawking formula, black hole entropy is attained. Lastly, we can calculate black hole's mass as a function of entropy S, angular momentum J and l as follows
B. Thermodynamic geometry A geometrical approach has been introduced by Ruppeiner and Weinhold for considering the different thermodynamical systems [12, 14] . In fact, one can construct a thermodynamics parameters space and define an appropriate metric for this space. The curvature of thermodynamics parameters space can be evaluated and is called thermodynamic curvature. Thermodynamic curvature is a useful quantity for investigation of thermodynamical properties of the systems.
The thermodynamic curvature of an ideal classical gas is zero. It means that the thermodynamics parameters space is flat. The curvature of thermodynamics parameters is related to the intrinsic curvature of constituent particles of the system. There is no interaction between particles in an ideal gas and therefore, the curvature is zero. For an ideal boson (fermion) gas the intrinsic statistical interaction is attractive (repulsive) and the curvature is negative (positive). Also, another important application of the thermodynamic curvature is related to the phase transition point. It has been shown that the thermodynamic curvature is singular in phase transition points. Therefore, one can explore the transition points of a thermodynamical system by considering the singular points of the curvature.
There are different definitions for the metric elements of the thermodynamic parameters space. Ruppeiner metrics is defined by the second derivatives of the entropy of the system with respect to the appropriate extensive fluctuating parameters. Also, Weinhold metrics is constructed by the second derivatives of the internal energy of the system with respect to the other appropriate extensive fluctuating parameters. It is straightforward to show that these metrics are the conformal transformation of each other. There are also other types of the metrics in the literature [62] . we focus on the Ruppeiner definition. Now, we construct the geometry of thermodynamic parameters of BTZ black hole. Eq. (7) indicates that the mass of black hole which is equivalent to the internal energy of the system is a function of two fluctuating parameters S and J and a constant parameter l. Therefore, the thermodynamics parameters space is two dimensional and we could obtain Ruppeiner metric elements according to the definition of the metric in the following equation
Therefore, all metric elements are obtained as follows
Evaluation of thermodynamic curvature is now straightforward. We obtain a simple but unjustifiable result,
This is a contradicting result. The zero curvature is a symptom of non interacting particles of the system. For a black hole an attractive gravitational interaction is expected. The nature of attractive gravitational interaction is inconsistent with zero thermodynamic curvature of the system.
C. Heat Capacity
Important aspects of the thermodynamics systems such as black holes need to know the heat capacities C x , where x denotes the set of thermodynamics parameters held constant. The most important information are obtained from response functions, such as heat capacities which is given by
Using Eq. (7), we can work out the heat capacity at fixed angular momentum while the parameter l is supposed to be a constant.
The thermodynamic conjugate of angular momentum, namely angular velocity is defined by
and the other response function, heat capacity at fixed angular velocity is obtained as follows
where, Nambo brackets definition was applied for the last step. [63] . We have specified two regions of stable (positive capacities) and non stable (negative capacities) in Fig. (1) . The curve between two regions, where C jl = 0 and C Ωl diverges is the critical curve and specifies a phase transition from stable to non stable black holes. However, the evaluated zero thermodynamics curvature does not contain any information about the phase transition. In fact, there is a contradiction between zero thermodynamic curvature and behavior of heat capacities of the systems. What is the origin of this contradiction? 
D. Fluctuating cosmological constant
Exploring the origin of above contradictions leads us to reconsider the constructed geometry of thermodynamics parameters. We supposed that the thermodynamics parameters is a two dimensional space which is constructed by the fluctuating parameters S and J, while l is a constant. Now, we consider l as a fluctuating thermodynamics parameter. Therefore, the thermodynamics parameters space will be a three dimensional space. The elements of Ruppeiner metrics can be evaluated by
Four elements of metrics defined in Eqs. (11) . The other metric elements are given by
It is straightforward to work out the thermodynamics curvature using the evaluated metrics elements similar to the previous section.
Fig. (2) shows that there are two distinct regions similar to the two distinct regions in Fig. (1) . Positive (negative) curvature region is coinciding with stable (non stable) phase where the heat capacities are positive (negative). In fact, the thermodynamic curvature is positive (negative) where the heat capacities are positive (negative). The system is interactive and the thermodynamics parameters space in not flat. Also, the heat capacities predict phase transition along a critical curve where the thermodynamic curvature is singular.
IV. EXOTIC BTZ BLACK HOLES
In the exotic Einstein gravity one can find a BTZ metric solution [64, 65] . The metric is the same as that of three dimensional Einstein gravity but reversed role for angular momentum and mass [66, 67] . The other difference is related to the entropy. The entropy is given by the length of the inner horizon instead of the event horizon for normal BTZ solution. Such black holes have been called exotic. The mass (M E ) of exotic BTZ black holes has been derived as a function of entropy (S), angular momentum (J) and the cosmological constant (l) as follows [68, 69] 
It has been shown that the temperature has negative value, due to an upper bound of mass as in rotating sysyem, and the angular velocity has a lower bound. It is obvious from Eq. (19) for fixed value of l, there is a lower bound on the value of angular momentum for a specified value of entropy. Fig. (3) shows the region where the mass (M E ) has real physical value. We can evaluate the temperature as follows
Fig . (4) shows that in physical range, the temperature could be negative and positive. We consider in the following the thermodynamic geometry of exotic BTZ black holes in physical range for two cases of negative and positive temperature. 
A. Thermodynamic geometry
We introduced the Ruppeiner metric in previous section. First, we suppos that the cosmological constant and therefore, l is a non fluctuating fixed parameter. Therefore, the thermodynamics parameters construct a two dimensional space and the metric elements are given by
It is straightforward to evaluate the thermodynamic curvature using Eqs. (21) and find that the two dimensional thermodynamics parameters space is flat for exotic BTZ black holes similar to normal BTZ black hole. Again, we deal with a conceptual problem such as normal BTZ black hole. Black holes are thermodynamic systems with interacting gravitating constituents while the zero thermodynamic curvature is related to a non interacting system such as classical ideal gas. 
B. Heat Capacity
Similar to the previous section, we work out the heat capacity and investigate the probable phase transition for exotic BTZ black hole. Similar to previous section we extract two heat capacity as follows
We have identified two regions in Fig. (5) . A comparsion of Fig. (5) and Fig. Fig. (4) shows that the heat capacities are positive in negative temperature region and conversely the heat capacities are negative in positive temperature region. The intersection of these two regions could be interpreted as the phase transition line. Acrosa this line C Jl = 0 and the system stability is changed. Also this line coincides with the singularity of C ωl .
We notice that according to Eq. (22), the sign of C Jl changes across two surfaces in parameter space; S 2 − 2 Jl = 0 and S 2 − Jl = 0; and C Jl diverges across the surface S 2 − 3 Jl = 0. However, the only phase transition surface is S 2 − Jl = 0, located on the physical range and two other surfaces are out of the physical range of the parameters. A similar argument is valid for the C ωl .
We argue that on the one hand the interactional nature of black holes and on the other hand, the existence of phase transition in the system is inconsistent with the zero curvature of thermodynamic parameters space. As a remedy, we consider the cosmological constant as a fluctuating thermodynamic parameter.
C. Again, fluctuating cosmological constant
By including the l in the set of fluctuating parameters, we deal with a three dimensional thermodynamic parameters space. The thermodynamic metrics of the system has nine elements and four elements has been defined in Eqs. (21) . The remaining elements are defined as follows
Using the metric elements, we evaluate the curvature of three dimensional thermodynamics parameters space as follows
Fig. (6) shows that there is a real phase transition surface in the physical range of thermodynamics parameters space; S 2 − Jl = 0. This surface coincides with the singular points of the thermodynamics curvature, wherein the temperature of the exotic black holes is zero. In other words, in positive curvature region, the temperature is positive. The zero temperature surface coincide with the singular points of thermodynamic curvature and C ωl and also, with the C Jl = 0. Also, the negative temperature regions are divided to the two subregions with opposite sign of thermodynamic curvature. One can observe that the thermodynamic curvature is negative in negative temperature region except in a narrow region near to the margin of the physical range.
Again, including l in the fluctuating thermodynamics parameters presents a correct description for the probable phase transitions and the intrinsic statistical interaction of the systems. Also, some significant results about the system can be explored by fluctuation of the cosmological constant. 
V. FIRST LAW OF THERMODYNAMICS
All thermodynamics laws for black holes as thermodynamic systems or equivalently four laws of black holes mechanics were previously discovered by B. Carter, A. Hawking and J. Bardeen [2] . It has been shown that the differential form of the first law of thermodynamics for black holes, which is asymptotically flat in each dimension is given by dM = T dS + ΩdJ (26) and Bekenstein-Smarr corresponding mass equation is [69, 70] 
where, Ω and T have been defined in pervious section. Obviously in 2 + 1 dimension the left side of the equation is equivalent to zero.
A. Normal BTZ Black hole
Although the first side of the Eq. (27) is equivalent to zero for 2+1 dimensional normal BTZ black hole, a direct calculation shows that the second side of the equation is not, so equality is not established. In fact, the second side of the equation for normal BTZ black hole is equivalent to
Now, we consider the cosmological constant; more precisely l as a fluctuating thermodynamics parameter. Therefore, the first law and generalized Bekenstein-Smarr equation will be as follows:
is the conjugate variable of fluctuating thermodynamics parameter l. A simple calculation shows that the last term in equation (30) is given by
According to Eqs. (28) and (32), Eq. (30) will be satisfied. Therefore, the fluctuation of l as a thermodynamics parameter has an authentic backing and valid reason.
B. Exotic BTZ Black hole
As in the same manner, we explore the validity of generalized Bekenstein-Smarr equation for the exotic BTZ black hole [68] . We work out that
It seems that the first law does not hold. However, we suppose that l is fluctuating thermodynamic parameter and obtain that Θ = ( ∂M ∂l ) SJ = S 2 S 2 − 3 Jl
Therefore, we evaluate a new term similar to the normal BTZ blac holes as follows
Therefore, the validity of the thermodynamics first law is evident. Thus, we argue that for normal and exotic BTZ black holes, considering l as a fluctuating thermodynamic parameter is necessary.
VI. CONCLUSION
In this paper we promoted the cosmological constant; more precisely l; to fluctuating thermodynamics parameters and investigated its consequences. It seems satisfactory, and also consistent with interacting nature of a black holes and possible phase transition. We focused on the two 2 + 1 dimensional black holes; normal and exotic black holes; and worked out the thermodynamic curvature. We observed that the two dimensional thermodynamics geometry with fluctuating parameters (S, J) is flat in both cases, while the three dimensional thermodynamics geometry with fluctuating parameters (S, J, l) had non-trivial curvature.
Evaluation of heat capacities at fixed angular momentum and fixed angular velocity shows that one can find a sign change and a singularity for C Jl and C ωl , respectively across a critical surface in thermodynamic parameters space of normal (exotic) BTZ black hole. Considering l as a fluctuating thermodynamics parameter shows that the singularity of the thermodynamic curvature coincides with the critical surface.
Finally, we considered the validity of first thermodynamics law for both normal and exotic BTZ black holes. Again, we argued that fluctuation of l as a thermodynamics parameter is necessary to satisfy the first thermodynamics law. Therefore, the consequence of fluctuation of l include the non zero thermodynamics curvature emphasizes on the interacting identity of black holes, singular behavior of thermodynamic curvature on the critical surface and the satisfaction of the first law of thermodynamics. ACKNOWLEDGMENTS H. M. Would like to thank Professor R. B. Mann and an unknown referee for their useful comments and introduction of some useful papers.
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